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Abstract— Formulas are obtained for the simultaneous determination of two of the four coefficients, k (thermal
conductivity), I (latent heat of fusion), ¢ (specific heat), p (mass density), of a material occupying a semi-infinite
medium. This determination is obtained through an inverse one-phase Lamé-Clapeyron (Stefan) problem
with an overspecified condition on the fixed face of the phase change material. To solve this problem, we
assume that the coefficients hy, o, 0, > 0 are known from experiments (where h, characterizes the heat flux
through the fixed face, ¢ characterizes the moving boundary and 0, is the temperature on the fixed face).
Denoting the temperature by 0, the results we obtain concerning the associated moving boundary problemare
the following:

(i) When one of the triples {0,k,1}, {0,k, p} is to be found, the corresponding moving boundary problem
always has a solution of the Lamé-Clapeyron-Neumann type.

(ii) If one of the triples {0,k,c}, {0,1,¢c}, {0,],p}, and {0,c, p} has to be determined, the above property is
satisfied if and only if a complementary condition for the data is verified.

Formulas are also obtained for the simultanecous determination of other physical coefficients and the
inequality €2 < Ste/2(Ste:Stefan number) for the coefficient £ of the free boundary s(¢) = 2aft'? of the Lamé-
Clapeyron solution of the one-phase Stefan problem without unknown coefficients.
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NOMENCLATURE

¢, specific heat;

S, error function;

k, thermal conductivity;

I, latent heat of fusion;

ho. coefficient defined by equation (2¢);
Stefan number, c0y/I;

s,  position of phase change location;
t, time variable;

x, spatial variable.

Greek symbols
a, thermal diffusivity, k/pc (=a?);
p, mass density;
g, coefficient defined by equation (1);
0, temperature;
0,, temperature on the fixed face, x = 0;
¢, dimensionless parameter, o/a.

1. INTRODUCTION

Surprosk that two of the four coefficients, k (thermal
conductivity), I (latent heat of fusion}, ¢ (specificheat), p

+ This work has been presented at the Reunidén Nacional de
Fisica-1981 held at San Luis (Argentina) on 24-27 November
1981 and was written while the author was staying on a
fellowship of the Italian CN.R. (G.N.F.M}} in the Istituto
Matematico “Ulisse Dini”, Univ. di Firenze, Viale Morgagni
67A, 50134 Firenze, Italy.

(mass density) of a phase (e.g. liquid) of some given
material are known. If, by means of a change of phase
experiment (fusion of the material at its melting
temperature) we are able to measure the quantities
hy > 0, ¢ > 0 and 0, > 0, then we will be able to find
the formulas for the simultaneous determination of
the unknown coefficients.

Consider the inverse one-phase Lamé-Clapeyron
problem (or the inverse one-phase Stefan problem with
constant thermal coefficients) [7, 18, 35,45, 54, 60] with
an overspecified condition on the fixed face x = 0 [53,
54]. This overspecified condition consists of the
specification of the heat flux through the fixed face of
the material undergoing the phase change process.
Other boundary value problems for the 1-dim. heat
equation with an overspecified condition on a part of
the boundary have been analyzed [5,8,9, 11-17, 22,23,
29-31, 42]. (See also the references listed in ref, [541.)

In ref. [59], it was shown that the solution of the
inverse conduction problem is characterized by a
discontinuous dependence on data. Other references
dealing withinverse problems arerefs. [3,38,47] ; those
on the identification of parameters are refs. [19-21, 24,
34, 497, and those on improperly posed problems in
partial diffcrential equations arerefs.[36,37,43, 50, 58].

If we suppose that the melting temperature is zero

and the moving boundary is given by
sy = 2012, with ¢>90,

(D

our problem is reduced to finding the temperature
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0 = 0O(x,1) of the liquid phase, defined for 0 < x < s(f)
and t > 0, and two of the four coefficients k, I, ¢, p such
that they satisfy the following conditions:

ﬁ)_aa(z), O<x<s(t), t>0, (2a)

ct ox
O[s(2),t]=0, t>0, (2b)

c0
—k—[s(t),t] = plIs'(t), t> 0, (20)

d0x
00,y = 0,, t>0, (2d)

¢ h

ka(0,1)=~tl—/°2, t>0 (2¢)

where a’ = k/pc represents the thermal diffusivity of
the material and 0, is the temperature on the fixed face
x=0.

Remark 1

We suppose that 1, > 0 and ¢ > 0 are known. The
coefficient hy characterizes the heat flux on the fixed
face x =0, equation (2¢), and ¢ characterizes the
moving boundary (1). These must be determined
experimentally. It is assumed that the temperature
0, > 0 at x = 0is given.

In Section 2, we shall consider six different cases with
the following unknown coefficients:

Q) k,c (i) k1 (i) kp

3
@v) Lc ®

W Lp (vi) ¢p.

We shall prove that there is not always a solution of
the Lamé-Clapeyron-Neumann type [7, 18, 35,45, 53,
54, 60] for problem (2) for all the six different cases
(3). Namely, the explicit solution exists for cases (i),
(iv),(v)and (vi)ifand onlyifa complementary condition
is satisfied; the explicit solution always exists for
cases (i) and (iii). This fact has been already observed in
ref. [54] for the determination of an unknown
coefficient of the phase change material and in refs. [52,
53] for other problems of the Stefan type.

The determination of the thermal conductivity
k = k(r)is studied in refs. [ 10, 27] through a one-phase
Stefan problem. The determination of one or two
unknown coefficients is studied in ref. {48] through a
two-phase Stefan problem. A review of the control of
parabolic systems involving free boundaries has been
made [28] as has one onfree boundary problems for the
heat equation [44, 55]. The determination of thermal
coefficients by other physical methods has been studied
[1,2,4,6,25,26, 32, 33, 39-41, 46, 51, 56, 57].

The main result of this paper can be stated as follows:

Main result

Knowing the three elements 6, >0, hy > 0 and
o > 0 given by equations (2d), (2¢) and (1) respectively,
it is possible to obtain formulas giving two of the four
thermal coefficients k, I, ¢, p. Moreover, in cases (ii}
and (iii) it is always possible to find an explicit solution
to the associated inverse one-phase Lamé-Clapeyron
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(Stefan) problem with the overspecified condition (2) ;in
the remaining cases, the same conclusion is true if and
only if a complementary condition is satisfied.

In Section 3, we shall consider the simultaneous
determination of h, and one of the thermal coefficients
k, 1, p, c and we shall obtain the inequality (32) for the
element ¢ of the free boundary s(f) = 2a&t*? of the
Lamé-Clapeyron solution of the one-phase Stefan
problem without unknown coefficients.

2. SOLUTION OF THE SIX DIFFERENT CASES

The solution of problem (2) is given by

0(x,t) = 0, f(x/2at'?)

o
flo/a)
with )

fixy= ,iﬂ J‘x exp{—u?)du = erf(x)
n °

where the two unknown coefficients, chosen between k,
1, p, ¢, must satisfy the following system of equations:

o exp(a?/a?) = ho/pl

‘ &)
a/f(c/a) = hyn'?/pc0,, with a® = s

If we define

=~ (6)
we have

exp(£?) = ho/plo, (7a)
£f(€) = pcalo/hon'’? (7b)
Property 1. (Simultaneous determination of the

coefficients k and ¢)
If the data hy > 0, 6 > 0 and the coefficients of the

phase change material p > 0,1 > 0 verify the condition
l
205 ®)
plo

independently of 0,,/0, then problem (2) has the solution

(4) where k and c are given by

h n” chor? f(&
T e, k=TSO
o &
and £ is the unique solution of the equation
I
exp(x3) =—>, x>0 (10a)
ple
which is given by
ho Y2
&= [log (—)] . (10b)
plo
_Property 2. (Simultaneous determination of the

coefficients k and I
For any data hy >0, 0 >0, 0, > 0 and for any
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coefficients of the phase change material p > 0, ¢ > 0,
problem (2) has the solution {4) where k and ! are given
by

2

pco

k="—"r 11)
& (

ho
l=— —¢2
o exp(—¢7),

and ¢ is the unique solution of the equation

pcal)0

a2’

x>0.

M) =1—n (12)

Property 3. (Simultaneous determination
coefficients k and p)

For any data hy >0, 0 >0, 0, > 0 and for any
coefficients of the phasechange! > 0,¢ > 0,problem{2)

has the solution (4) where k and p are given by

of the

I
p= ,—° p(=¢) = éf(é)

(13)

. hoco exp(—¢&2) ohon”2 S

o g = 0, ¢

and £ is the unique solution of the equation
xf(x)exp(x?) = ”2, x>0. (14)
Property 4. (Simultaneous determination of the

coefficients | and c)
Ifthedatahy > 0,6 > 0,0, > 0and the coefficient of
the phase change material k > 0 verify the condition
ko,
2hyo

<1 (15)

independently of p > 0, then problem (2) has the
solution (4) where I and ¢ are given by

k I
c=—38& I="Lep(—&)  (16)
po po
and £ is the unique solution of the equation
Jx) KO,
— = x>0 17
x  hyon'? * (17
Property 5. (Simultaneous determination of the

coefficients | and p)

Ifthedata hy > 0,0 > 0,0, > 0and the coelficient of
the phase change material k > 0 verify the condition
(15), independently of ¢ > 0, then problem (2) has the
solution (4) where [ and p are given by

k hoca exp(—E&2)
=—_¢, =Y 18
& PR a— (18)
and ¢ is the unique solution of equation (17).
Property 6. (Simultaneous determination of the

coefficients c and p)

Ifthedatahy > 0,6 > 0,0, > Oand the cocflicient of
the phase change material k > 0 verify the condition
(15), independently of / > 0, then problem (2) has the
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solution (4) where ¢ and p are given by

Sexp(E®)  (19)

C=—

hy 2
n—Eexr)(—é ), ,0

and ¢ is the unique solution of equation (17). For the
proofs of these properties see the Appendix.

Remark 2.

In cases (iv), (v) and (vi) the parameter { is defined
by thesameequation(17). Moreover, if we define ¢;, and
I;, by equations (16), p, and I, by equations (18),and p,;
and c,; by equations (19) corresponding to cases (iv),
(v) and (vi) respectively, we have:

{a) ifwe put p = p,;in the definition of ¢;,, we obtain
®) flv'l\;/e put p = p, in the definition of [, we obtain
(c) Iivf,we put ¢ = c,; in the definition of p,, we obtain
(d) l:f"“’/e put ¢ = ¢;, in the definition of I, we obtain
(e) Iiil‘"live put [ = [, in the definition of p;, we obtain
() ‘i}fv\;ve put | = [, in the definition of c,;, we obtain
Ciy-
Remark 3

The solution {0(x,t),s(#)} of the Lamé-Clapeyron
(Stefan) problem without unknown coefficients [7, 18,
35,45, 54, 60], defined by (2a){(2d) and 5{0) = 0, is given
by

0(x, 1) = 0g— f( ) = f(x/2at*72),
(20)
s(t) = 2a&e'’?

(free boundary)

where £ is the unique solution of equation (14). In this
case, we have hy = kOy/af (£)n'/?, thus, the inequalities
(8) and (15} are verified. The condition (15} is always
verified because of the well-known properties of the
error function, and condition (8) gives us the following
inequality:
£ < 2

@0

0
Ste = CTO (Stefan number)
which is of physical interest for all Stefan numbers and
can be obtained trivially from equation (14).
Moreover, for the coefficient &, the following
inequality is obtained in ref. [54, equation (29)]:

7@ << Ste)”2

whichis only of physical interest when Ste < /2. Inthis
case,wereplace < by = and wedenoteby &, and &, the
solutions of the equations from the inequalities (22) and
(21), respectively. We get &, < &, since we have f(x)

22
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< (2/m'1%)x,¥x > 0,and xf(x) is an increasing function
in R*.

Remark 4

In case (iii) of this work, and cases (i) and (iv) of ref.
[54], the parameter ¢ is defined by the same equation
(14). Moreover, if we define py; and k;;; by equations(13),
6, and k, (see equation (11) of ref. [54]), and o, and p,
(see equation (25) of ref. [54]) by

_ho 2 o nh? )
oy = ﬁ exp( é )7 l"l - pCO(z) f (é)y (23)
k0, ¢

- ~ I e, e
04 = honllz f(é), Ps = kcog G) )
corresponding to case (iii) of this work, and cases (i) and
(iv) of ref. [54] respectively, we have:

(a) ifwe puto = o, in the definition of p;;;, we obtain

(b) Ii)l?\i/e puto = o, inthe definition of k;;, we obtain

(c) li\’i}\i/e put p = p;;in the definition of k,, we obtain

(d) ll\ll":\:e put k = k;;;in the definition of p,, we obtain
Piis-

This remark completes ref. [54] Remark 1.

3. SIMULTANEOUS DETERMINATION OF
OTHER PHYSICAL COEFFICIENTS

We sshall consider the simultaneous determination of
hy and one of the thermal coefficients k, [, p, ¢. Using a
method similar to the one developed in Section 2, we
obtain:

Property 7

(i) For any data g, 0, > 0 and for any coefficients of
the phase change material k, p, ¢ > 0, the simultaneous
determination of hy, I > 0 is given by

ko, ¢

_ 5 _ cly CXP(_éz)
P TTIN

BTG
. 25)
with ¢ = =

(ii) Foranydatao, 0, > 0and for any coefficients of
the phase change material [, p, ¢ > 0, the simultaneous
determination of hy, k > 04s given by

pco?
3

ho = plo exp(¢?), k=

(26)

where ¢ is the solution of equation (14).

(iii) Foranydatag,0, > 0and for any coefficients of
the phase change material k, I, ¢ > 0, the simultaneous
determination of hg, p > 0 is given by

ki k
ho=-—¢&exp(8?), p=—2&
o G
(27)

where £ is the solution of equation (14).
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(iv) If the data g, 0, > 0 and the coefficients of the
phase change material k, I, p > 0 verify the condition
kO,

2pa?

>1 (28)

then the simultaneous determination of Iy, ¢ > 0 is
given by

k
ho = plo exp(¢?), ¢=—5¢& (29
po

where £ is the solution of the following equation :

kO
f(x) eXp(xz) = mx, x> 0.

(30)

Moreover, for the four cases the temperature 9
[solution of problems (1) and (2)] is given by
equation (4).

Remark 5

If ¢ > 0 is given, then the simultaneous determi-
nation of {0, hy, j} withje {k, I, p, c}, given by Property
7,is equivalent to the determination of {0, j } [solution
of problems (1), (2a)}(2d}] and h, given by

k0,

o = af (5/a)rn'/?’

(31

Remark 6

From equation . (28), we deduce the following
inequality for the parameter ¢ of the free boundary of
the Lamé-Clapeyron solution of the one-phase Stefan
problem without unknown coefficients (20} (cf. Remark
3)

Ste

1« 32
¢ 3 (32
which is of physical interest for all Stefan numbers Ste.

If we denote by &, the solution of the equation
obtained from the inequality (32) by replacing < with

=,ie. & = (Stef/2)'?, we get &5 < &, (cf. Remark 3).

Remark 1. (Simultaneous determination of the coef-
ficients k and o)

If the coeflicient p>0 is a data, then the
simultaneous determination of k and « is equivalent to
the simultaneous determination of kand ¢. Moreover, if
the data verify the condition (8), then the coefficients k
and a are given by

r— hoon'”? f{[log (ho/plo)]'%}
© 0, [loglho/ple)}*

0.2

£Q=——
log (ho/plo)

(33)

Remark 8

If the coefficient p>0 is a data, then the
simultaneous determination of ¢ and a is equivalent to
the simultaneous determination of ¢ and c¢ (cf. [54]).
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Moreover, if the data verify the condition

pkf{)o
—_— 4
2h3 (349
then ¢ and « are given by
b ) _ hy exp(=28%)
o =2 oxp(~gh, = TLEED oy
where £ is the solution of the equation
£ _plkOo
- = P exp(x®), x> 0. (36)
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APPENDIX

Proof of Property 3
By removing p in equation (7) we obtain for £ the equation
(14), the function

G,(x) = xf(x)exp(x?), (A1)
defined for x > 0, has the following properties:
G,(01) =0, G(+w)=+0, G, >0. (A2

It follows from equations (A2) that equation (14) has a unique
solution £ > 0. The coefficient p is obtained from equations
(7a) and (14), and the coefficient k is obtained from
k o?
P — =, A3
a pc éz ( )

using equation (14) and the value of p already calculated.

Proof of Property 4
From equation (A3), we have
k&
c= ;77 (A4)

From equations (A4) and (7b) we obtain equation (17) for &.
The function

fix)
Gylx) ==, (A9
x
defined for x > 0, has the following properties:
2
G,(0%) = v Gy(+0)=0, G, <0. (A6)

It follows from equations (A6) that equation (17) has a unique
solution if and only if the condition (15) is verified. Then the
coefficient I is obtained from equation (7a).

To prove the remaining properties and remarks, we use a
method similar to the one developed above and to that in ref.
[54].
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Simultaneous determination of two unknown thermal coeflicients

DETERMINATION SIMULTANEE DE DEUX COEFFICIENTS THERMIQUES INCONNUS
PAR UN PROBLEME INVERSE A UNE PHASE DE LAME-CLAPEYRON (STEFAN) AVEC
UNE CONDITION SUPERSPECIFIEE SUR LA FACE FIXE .

Résumé—On donne des formules pour la détermination de deux des quatre coefficients k {conduclivité
thermique), I (chaleur latente de fusion), ¢ (chaleur massique), p (masse volumique) d’un matériau semi-infini.
Cette détermination est obtenue a travers un probléme inverse monophasique de Lamé-Clapeyron (Stefan)
avec une condition surspécifiée sur la face fixe du matériau qui change de phase. Pour résoudre ce probléme,
nous supposons que les coefficients h, o, 0, > 0 sont connus par I'expérience (ol h, caractérise le flux
thermique a travers la face fixe, ¢ caractérise la frontiére mobile et 8, est 1a température de la face fixe). Notant
par 0 la température, les résultats concernant le probléme associé¢ de frontiére mobile est : (1) quand un des
triplets (0, k, {), (0, k, p) est & trouver le probléme correspondant de frontiére mobile a toujours une solution de
type Lame—CIapeyron —Neumann, (2) si un des tnplets 0, k,¢),(0,1,¢),(0,1, p) et (0, ¢, p) est & déterminer, la
propriété ci-dessus est satisfaite si et seulement si une condition complémentaire pour les données est v cnﬁec
On obtient des formules pour la détermination simultanée des autres coefficients physiques et inégalité &2
< Ste/2(Ste, nombre de Stefan) pour le coefficient £ de la frontiére libre s(t) = 2a&t/2 delasolution de Lamé-
Clapeyron du probléme a une phase de Stefan sans coefficient inconnu.

SIMULTANE BESTIMMUNG ZWEIER UNBEKANNTER THERMISCHER KOEFFIZIENTEN
DURCH EIN INVERSES EINPHASIGES LAME-CLAPEYRON-(STEFAN-)PROBLEM MIT
EINER UBERBESTIMMTEN BEDINGUNG AUF DER FESTEN SEITE

Zusammenfassung—Es werden Gleichungen fiir die simultane Bestimmung von zwei der vier Koeffizienten k
(Wirmeleitfihigkeit), | (Schmelzwirme), ¢ (specifische Wirmekapazitit), p (Dichte) eines halbunendlich
ausgedehnten Kérpers gefunden. Die Bestimmung wird durch ein inverses einphasiges Lamé-Clapeyron-
(Stefan-)Problem mit einer liberbestimmten Bedingung an der festen Seite des phasenwechselnden Mediums
erhalten. Um dieses Problem zu 16sen, nehmen wir an, daB die Koeffizienten hy, o, 0, > 0 aus Messungen
bekannt sind, (wobei hg die Wirmestromdichte durch die feste Halfte darstellt, ¢ die wandernde Grenz{liche
und 0, die Temperatur der festen Begrenzungsfliche). Wenn man die Temperatur mit 0 bezeichnet, so erhilt
man folgende Ergebnisse fiir das entsprechende Problem mit wandernder Grenzflache:

(1) Wenn eines der Tripel {8,k,1}, {0,k,p} gesucht ist, hat das zugehdrige Problem mit wandernder
Grenzfliche eine Losung vom Lamé-Clapeyron-Neumann-Typ.

(2) Wenneinesder Tripel{6,k,c},{0,1,¢},{0,1, p} und {0, ¢, p) zu bestimmen ist, wird dic obige Eigenschaft
erfiillt, wenn und nur wenn eine komplementire Bedingung fir die Daten verifiziert wird.

Weiterhin erhalten wir Gleichungen fiir die simultane Bestimmung anderer physikalischer Koeffizienten
und die Ungleichung €2 < Ste/2(Ste:Stefan-Zahl)fiir den Koelfizienten £ der freien Grenzfliche s(t) = 2a&t'/?
der Lamé-Clapeyron-Losung des einphasigen Stefan-Problems ohne unbekannte Koeffizienten.

OJJHOBPEMEHHOE OMNPEIEJEHHE JABYX HEHW3BECTHBIX KO3®PHIIHEHTOB
TEIMJIOTNEPEHOCA MYTEM PEWIEHUSA OBPATHOW OJHO®A3HOWM 3AJAUH
JIAME-KJIANEHPOHA (CTE®AHA) C 3AJAHHBLIM YCIIOBHEM HA
GHUKCHPOBAHHOY MOBEPXHOCTH

Annorauus—[TonyyeHst BLIpaKeHHs U151 ONHOBPEMEHIOTO onpeaeneHns kaxux-nubo asyx u3 caeayro-
LWHX YeTbipex KkKo>pQulHEHTOR MaTepHana, 3aNOANSIOUIEr0 MAO1yOecKkoHeyHOE NpPOCTPaHcTBO: K
(xo3pduiment Tenaonposoanocti), / (CKkpbiTas TEWIOTA NAaBneHns), A (TENIOEMKOCTE), p (MaccoBas
NAOTHOCTL). Bripaskenig noayuenbl i3 pelenns obpartHoii onnodasnoit 3anaun Jlame-Knaneiipona
(Ctedana) ¢ 3amaHHBIM YCJIOBHEM Ha (HKCHPOBAHHON MOBEPXHOCTH MaTepHana NpPH HIMEHCHHH €ro
arperaTHoro coctosuus. Tl1pH peluenuyt 3agauu npeanosnaraercd, 4To koddduusentrl fo, o, 0 > 0
M3BECTHBI M3 JKCMepHMeHTa (31ech /g — Tensnopoil MOTOK 4epe3 (HKCHPOBAHHYIO NOBEPXHOCTb, ©
XapakTepH3yeT NOABIARYIO rpaunuy, 0y — TemnepaTypa Ha GHKCHPOBaHHON nosepxHOCTH). OG03HAYHB
TeMuepaTypy yepe3 0, H3 pelleHHA 3a4a4H ¢ NOABHXKHOI! rpanuueil BorTexaeT cneayroulee: 1) B ciiyyae,
KOTZa HeoBXOJHMO onpeleInTs oani u3 nabopos xodpduwentos {0, 4,1} nau {0, k, p}, 3anava
Bcerma HMeeT peluenie B Buiaé pewenns Jlame-Knaneiipona-Heiimana; 2) ecan onpeaesenuto
noanekHT oaun u3 Habopos koxpduunentos {0, k, 2}, {0.1, 2}, {0, 1, p} nan {0, Z, p}, orosopennoe
BBILIE PCLUCHHE BO3IMOXKHO TO.IKO B TOM CIy4ae, €C/IH BHITONHCHO YCIOBHE NPHBICHCHHS MOUIOTHI-
TelbHBIX RaHHBIX. Kposme Toro, mojiyue¢Hbl BLIDAXEHHS AN OAHOBPEMEHHOrO ONpelencHHR APYrHX
dusnyecknx ko3dpduuMenTos, a Takke kodbduuuenta & w3 HepasencTBa ¥ < Stef2, xapaktepHiyio-
uiero noABKAHylo rparuiy s(t) = 2aZ,/1 B pewenin Jlame-Knanefipoua oanodasnoit 3anaun Credana
npH OTCYTCTBHH HeM3IBECTHRIX xodddnunentos (Ste- uncao Credana).
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